Abstract. Different omnidirectional refractive devices for flexural waves in thin plates are proposed and numerically analyzed. Their realization is explained by means phononic crystal plates, where a previously developed homogenization theory is employed for the design of graded index refractive devices. These devices consist of a circular cluster of inclusions with properly designed gradient in their radius. With this approach, the Luneburg and Maxwell lenses and a family of beam splitters for flexural waves are proposed and analyzed. Results show that these devices work properly in a broadband frequency region, being therefore an efficient approach for the design of refractive devices specially interesting for nano-scale applications.
Introduction
The control of the propagation characteristics of flexural waves in thin elastic plates has been a topic of intense research. Thus, propagation properties of flexural waves in plates with periodic arrangements of rigid pins [1, 2] , holes [3] , attached pillars [4, 5, 6] or point-like spring-mass resonators [7, 8, 9] attached to them has been investigated by several groups, as well as the resonant properties of complex inclusions [10] .
These complex structures behave, in the low frequency limit, like homogeneous materials with properties that can be artificially tailored, allowing the design and fabrication of advanced refractive devices. For instance, cloaking devices [11, 12, 13] for making objects invisible to flexural waves, as well as flat lenses based on negative refraction [14, 15] , gradient index lenses [16, 17] and omnidirectional absorbers [18, 19] have been recently proposed and experimentally verified.
In a recent publication [20] Climente et al. proposed a set of omnidirectional refractive lenses for flexural waves based on thickness variations. This is possible given that the propagation velocity of flexural waves in thin plates depends not only on the material's parameters, but also on the plate's thickness. Therefore, a gradient in this thickness will create a gradient in the refractive index and in this way several devices are possible to be built. The applications of these devices are interesting in all the scales, however the fabrication of a plate with a controlled positiondependent thickness is complicated at the nano-scale, thus an alternate approach for the fabrication of these omnidirectional devices, specially feasible at the nano-scale, is required.
In this work we propose a set of omnidirectional devices for flexural waves based on graded phononic crystal plates. In this approach, the device is consist of a circular cluster of inclusions arranged in an ordered lattice. This cluster behaves, in the low frequency limit, as a homogeneous device whose elastic parameters depend on the physical nature of the inclusions and their size [21] . Then, if the size of the inclusions is changed according to their position, following a specific law, the refractive index of the material can be changed accordingly. This approach is specially interesting at the nano-scale, where current fabrication techniques allow easily the creation of regular arrays of inclusions with different radii.
The paper is organized as follows. After this introduction, Section 2 explains the homogenization theory employed and defines the effective refractive index for flexural waves. Section 3 analyzes the creation of two classical omnidirectional refractive devices: Luneburg and Maxwell lenses. Section 4 is devoted to the study of an interesting family of these devices, named "beam splitters" and, finally, Section 5 summarizes the work.
Effective Refractive Index for Flexural Waves
The propagation of flexural waves in thin plates can be described, for wavelengths larger than the thickness of the plate h b , by means of the bi-Helmholtz equation [22] 
where W (x, y) is the vertical displacement of the plate and the wavenumber is given by
being ρ b the mass density of the plate, h b its thickness and D b the rigidity of the plate, related with the plate's Young modulus E b and Poisson's ratio ν b as
The solution of equation (1) satisfy the usual refraction laws, so that the refraction of waves passing from a medium 1 to a medium 2 is defined by means of the ratio between the wavelengths, thus
where equation (2) has been used. It is clear from equation (4) that the refractive index can be properly designed by means of the material's properties, as usual, but also by means of the plate's thickness. This last idea has been exploited by krylov et al. [18] and Climente et al. [19, 20] for the creation of gradient index devices by means of thickness variations. From the practical point of view, the fabrication of thin plates with a region of thickness variation following a specific profile can be complex under certain conditions, specially at the micro or nano-scales. For this reason, in this work we propose an alternate though complementary way for the realization of these refractive devices based on phononic crystals.
The proposed refractive device is schematically shown in the left panel of figure 1 . A circular cluster of inclusions of certain material are arranged in a triangular lattice. It is known that, for wavelengths larger than the lattice constant a, this cluster behaves as an effective medium with certain effective parameters, which depend on the physical properties of the inclusions and their size. In reference [21] it was demonstrated that the effective parameters for this arrangement of inclusions is obtained by means of the following equations
from wich we can obtain the effective refractive index of the cluster as
The effective refractive index is therefore a function of the physical properties of the inclusions and their filling fraction (i.e., their radius), so that changing these properties locally we can assume that we are creating an inhomogeneous material, that properly designed can create a gradient index device. This approach has been widely used with photonic and phononic crystals and here it is applied for flexural waves.
The design method consist in defining a position dependent refractive index n = n(r), then we have that the inclusion located at r α has associated a refractive index n ef f = n(r α ). After that, equation (6) Table 1 . Elastic constants of the materials used for the simulations filling fraction, since n ef f = n(f α ), from which we obtain the radius of the inclusion at the given position. We propose to study a family of circular refractive lenses, given their omnidirectional characteristics, where the refractive index is a function of the radial coordinate only, that is, n(r) = n(r). The devices will be designed for a silicon plate of thickness h b = 0.1a, being a the lattice constant of the arrangement of inclusions. The proposed lenses are the Luneburg and Maxwell lens, studied in section 3 and the beam splitter, studied in section 4. The lens is made by means of the cluster of inclusions shown in the left panel of figure 1 , being the radius of the cluster R c = 10.5a and where the radius of the inclusion at a given position will be selected according to the aforementioned method.
The design of efficient circular gradient index lenses requires a wide variation of the effective refractive index, variation that cannot be achieved by all type of inclusions. Right panel of figure 1 shows the effective refractive index for flexural waves in silicon as a function of the filling fraction for different materials' inclusions, whose elastic parameters are given in table 1. It is clear that lead inclusions give us the wider variation of the refractive index and for this reason they will be employed in the following calculations. 
Luneburg and Maxwell Lens
In this section the realization and properties of the Luneburg and Maxwell lens will be studied (see for instance reference [23] for their detailed description). The Luneburg lens consists of a circular or spherical inhomogeneous lens such that the focal point is located at the lens boundary, so that a plane wave coming from the infinite always focus on the opposite border of the lens. The Maxwell lens consists of a similar device but here a point source at the border of the lens is always focused at the opposite border. These two lenses are inhomogeneous, being the refractive index as a function of the radial coordinate r for the Luneburg lens given by
while for the Maxwell lens is given by Figure 2 , left panel, shows the refractive index as a function of the distance to the center of the lens for the Luneburg lens (blue continuous line) and for the Maxwell lens (green dashed line). It is clear that the variation of the refractive index is higher for the Maxwell lens, since the ray trajectories, as will be seen later, have to follow a more curved path. We see in the figure and from equations (7) and (8) than the maximum refractive index required for the Luneburg lens is at r = 0 and is n max = 1.414, while for the Maxwell lens is, as well at r = 0, n max = 2.
The right panel of Fig. 2 shows the variation of the inclusions' radii as a function of their distance to the center of the cluster for the realization of the Luneburg and Maxwell lens. As mentioned before, the plate's material is silicon and the inclusions are made of lead. Obviously, as we are closer to the center of the lens, the refractive index has to be higher, or the effective velocity lower, so that the radius of the inclusions must be higher in order to enhance the scattering effects, which slow-down the wave.
Multiple scattering simulations [24] have been performed in order to check the validity of the design and visualize the behaviour of the lenses for different wavelengths. In all the simulations we have chosen four wavelengths, being λ = 3, 45 and 6 times the lattice constant of the arrangements of inclusions. It is expected that the effective medium description be accurate for wavelengths larger than 4 times the lattice constant, while diffraction effects can hinder its functionality for very large wavelengths. Figure 3 , upper panels, shows the cluster of inclusions designed to behave like a Luneburg lens, and it shows how a plane wave comes from the left and impinges the cluster. The focusing point at the opposite border of the lens is evident for the four wavelengths studied, showing the good performance of this design. The lower panels shows the field profile along the horizontal axis of the lens (y = 0), it is clear how a strong focusing point appears at the opposite border of the lens, being its amplitude between three and four times that of the incident plane wave. Figure 4 , upper panels, shows the cluster of inclusions designed to behave like a Maxwell lens. In this case, a point source is located at x = −R c and its image is reconstructed at x = R c , and this behaviour is maintained for the four wavelengths considered. Lower panels show the field profile along the axis of the lens, it is clear that the focusing point is wider than the source, given that the evanescent components of the point source do not propagate through the lens. Also, we see that the amplitude of the field at the focusing point is smaller than at source.
Finally, figure 5 shows the previous lenses working as plane wave generators from point sources, the upper panels showing the Luneburg lens and the lower panels showing the Maxwell lens. In this last case only one half of the lens is implemented, given that it is at the middle of the lens where the wave-front becomes flat. Then, a point source is located at the border of the lens and it is focused at infinity, that is, it is converted to a nearly plane wave. It is clear that the performance of the lens is better for wavelengths of λ = 3a or λ = 4a, since larger wavelengths, given the size of the cluster, cannot define very well a plane wave-front due to diffraction effects. Shorter wavelengths would be better for the definition of the plane wave but the effective medium theory is not valid for wavelengths shorter than 4 or 3 times the lattice constant a. The design based on the Maxwell lens has the advantage, from the practical point of view, of requiring only one half of the scatterers than the Luneburg lens, then it is indeed a smaller device. Also, the quality of the plane wave-front looks better than those shown for the Luneburg lens. However, the omni-directionality nature of the device is obviously lost here.
Beam Splitters
In this section a special family of refractive circular lenses is studied, called "beam splitters". In these devices the profile of the refractive index is defined in such a way that a plane wave arriving to them is divided in two beams, each one propagating with deflection angles θ 0 and −θ 0 with respect the initial propagation direction.
The exact profile for this type of lenses is obtained from the solution of the following equation [23] (r/R c ) − 2n
where α is related by the deflection angle as θ 0 = π/α. Fig. 4 is employed so that the wave front is parallel to the lens' surface, then a plane wave is generated. Figure 6 , left panel, shows the solution for n(r) for three different deflection angles, θ 0 = 90
• , 60
• and 45
• . It is obvious that as the deflection angle increases, the variation of the refractive index is higher, and this variation is not always possible. The horizontal line in the figure shows the maximum refractive index that is achievable by means of lead inclusions, inclusions below this line will not have the proper size. It means that the fabricated lens is not "perfect" but they still have the proper functionality, as will be seen later. The right panel shows the corresponding radius of the inclusions as a function of their distance to the center of the cluster.
Like in the preceding section, multiple scattering simulations have been performed in order to visualize the behaviour of the lenses for finite wavelengths. Then, Fig. 7 , upper panels, shows the behaviour of the cluster acting as a beam splitter of θ 0 = 90
• , that is, α = 2 in equation (9) . We can see that for a wavelength λ = 3a the beam splitter is not working properly, while it is clear that there is a bending of the plane wave inside the cluster, the output wave is not in the right direction. The situation changes for the other wavelengths, where the interference patterns clearly show a propagating wave in the perpendicular direction.
The lower panels of Fig. 7 show the far field pattern as a function of the polar angle θ. We can see now that, except for λ = 3a, peaks in this pattern appear at the proper directions of θ = ±90
• , represented by the vertical dashed lines. The central peak corresponding to the far field amplitude in the forward direction appears due to the optical theorem for flexural waves, which relates the total scattering cross section with the amplitude in the forward direction [25] , and it is a consequence of energy conservation. in this case the interference pattern clearly shows that the beam splitter is working properly for the four wavelengths, and the far field amplitude shown in the lower panels support this fact.
Similarly, figure 9 , upper panels, shows multiple scattering simulations for the cluster designed as a beam splitter with θ 0 = 45
• , and the good performance of the splitter can be observed from the interference pattern and the far field amplitude shown in the lower panels.
Although full wave simulations can visualize the direction of the deflected beam, the analysis of the far field can give quantitative information about this direction. The lower panels of figures 7,8 and 9 shows that the far field patterns for the three beam splitters present strong peaks at the expected directions, although a frequency response of these peaks is obviously expected. Thus, for short wavelengths the splitters will not work, given that effective medium description presents a cut-off wavelength below which the field detects the inhomogeneous nature of the phononic crystal, and for longer wavelengths diffraction effects will hinder the device's functionality.
In order to quantitatively define these upper and lower limits, we have analyzed the far field pattern as a function of frequency for the three beam splitters. Then, figure  10 shows the far field amplitude for the three beam splitters previously considered as a function of the reduced frequency a/λ. The expected behaviour described before for these devices is clear in the figure. For very low frequencies the far field is focused in the forward direction, with weak peaks at the expected deflection angles, which correspond to the vertical dashed lines. When the wavelength is of the order of the cluster's size R c = 10.5a, we see how the peaks are important where expected, and the beam splitter is working properly, but as we go beyond the homogenization limit a/λ > 0.25a, we see how the peaks deviate from the expected angles, given to the fact that the effective medium description is not a accurate and the propagation velocity is lower than expected, making that the cluster behave as a beam splitter with a higher θ 0 . Finally, above a/λ = 0.4, a band gap in the structure is expected and Bragg reflection occurs, so that we can see that the cluster is highly dispersive.
Therefore, although beam splitters have very demanding refractive index variations, specially as the deflection angle increases, "imperfect" realizations of them, where the radius of the inclusions at the center of the device might not be correct, work properly in the homogenization region (λ ≥ 4a).
Summary
In summary, a set of omnidirectional devices for flexural waves based on phononic crystals have been presented, and a very good performance in a wide frequency region has been demonstrated.
The devices studied consisted in the Luneburg and Maxwell lenses and beam splitters, which are circular inhomogeneous regions where the refractive index is a specific function of the radial coordinate, working then as an omnidirectional gradient index devices.
Their realization has been studied by means of lead inclusions in a silicon matrix, where a circular cluster of these inclusions has been created. This cluster behaves, in the low frequency limit, as an homogeneous material with a specific refractive index, obtained by means of a homogenization theory that relates the effective parameters of the cluster with the physical properties and size of the inclusions. The required variation of the refractive index is therefore obtained by the corresponding variation of the inclusions' radii.
Multiple scattering simulations have been performed to verify the functionality of the proposed devices, and also to visualize their possible applications as focusing or beam forming devices. It is found that they work as expected in a wide frequency region, limited by the so-called homogenization limit, corresponding to wavelengths larger than 3 or 4 times the distance between inclusions.
This work offers an alternate way for the realization of these devices than those previously presented by means of thickness variations, and it is specially useful at the nano-scale, with potential applications for beam forming and energy harvesting.
